Hypersonic flows about space vehicles produce flowfields in thermodynamic non-equilibrium with the local Knudsen numbers Kn which may lie in all the three regimes: continuum, transition and rarefied. Continuum flows can be modeled accurately by solving the Navier-Stokes (NS) equations; however, the flows in transition and rarefied regimes require a kinetic approach such as the direct simulation Monte Carlo (DSMC) method or the solution of the Boltzmann equation. The Boltzmann equation and the general solution approach, using the splitting method, will be introduced in this paper. Details of the method used for solving both the classical Boltzmann equation (CBE) and the generalized Boltzmann equation (GBE) are also provided. The gas mixture discussed in this paper may consist of both monoatomic and diatomic gases. In particular, the method is applied to simulate two of the three primary constituents of air (N 2 , O 2 , and Ar) in a binary mixture at 1:1 density ratio at Mach 2 and 5, with gases in translational, rotational and vibrational non-equilibrium.
Introduction
In recent years, there has been a resurgence of interest in the aerothermodynamics of hypersonic flows at high altitudes [1] [2] [3] [4] [5] [6] [7] [8] . The size and weight of a hypersonic vehicle and thus its flight trajectory and required propulsion system are largely determined from aerodynamic considerations. http://ppr.buaa.edu.cn/ www.sciencedirect.com
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Various positions in the flight envelop of such space vehicles may be broadly classified into the continuum, transition and free molecular regimes. Hence, a need exists for a single unified computational fluid dynamics (CFD) code that can treat all the three flow regimes accurately and efficiently. Flows in continuum regime can be modeled accurately by the Navier-Stokes (NS) equations [2] [3] [4] [5] [8] [9] [10] [11] [12] [13] ; however, the flows in transition and rarefied regimes require a kinetic approach such as the direct simulation Monte Carlo (DSMC) method [6] [7] [8] [14] [15] [16] [17] or the solution of the Boltzmann equation [18, 19] .
One of the critical issues in accurate prediction of nonequilibrium flows is the ability to simulate the translational and internal energy mode relaxation of polyatomic (in particular diatomic) molecules present in these flows. Relaxation of diatomic molecules in non-equilibrium flows is very different from that of monoatomic molecules due to the internal degrees of freedom [20] . Therefore it is important to study the effect of the internal degrees of freedom upon the energy transfer between colliding diatomic molecules. It turns out that the simulation of internal energy mode relaxation is fundamentally different in the continuum (NS) and kinetic approaches. In the continuum approach, NS equations contain the source terms of reaction probabilities for quantifying the thermal and chemical non-equilibrium effects which are typically available from experiment for equilibrium conditions that have the translational temperature dependence. For flows with Kn$0.01, this approach based on NS equations is very effective in computing hypersonic flows with small deviation from translational non-equilibrium [21] . However, at higher Kn for flows in transition and rarefied regimes, the kinetic methods based on the Boltzmann equation provide more detailed information on the degree of non-equilibrium.
Bird pioneered the DSMC method in 1963. During the past years, following Bird [14] , DSMC methods have been developed for computing non-equilibrium flows of monoatomic and diatomic gases [22] [23] [24] . For calculating the non-equilibrium flow of diatomic gases, currently the DSMC method is the most widely used technique. However, it has been shown that the non-equilibrium rarefied flows of diatomic gases, in which the gas molecules transfer energy among translational, rotational and vibrational degrees of freedom, cannot be accurately predicted by using the simple collision models in the DSMC method [25] . In DSMC approach, one usually employs some empirical models [26] , which very much resemble a BGK type relaxation model with a constant relaxation tie. There are only a few attempts due to Koura [27] and Erofeev [28] for example, which employ the so called ''trajectory calculations'', where a realistic modeling of inelastic collisions with translationalrotational (T-R) transfer of energy is made. These computations require enormous CPU time. For vibrational excitations, no trajectory calculations with DSMC have been attempted to date. The physical reality is such that the vibrational term becomes important at much higher temperature than the rotational term. Rotational energy levels are important at all temperatures, but the vibration energy levels are important only at high temperature. Thus, each vibration energy level splits into a high number of rotational energy levels. The characteristic relaxation times for T-T, T-R, and T-V transfer of energy are in proportion of about 1:5:100 (or several thousands). As stated in the paper of Surzhikov et al. [29] , a good physical assumption is that the translational and rotational energy are in thermodynamic equilibrium during the vibrational relaxation process.
In solving the Boltzmann equation by a finite-difference method, the principal difficulties arise in calculation of the multi-dimensional collision integral; the approximation to the collision integral must tend to the actual one as the mesh size in the velocity space tends to zero. In recent years, there has been significant progress toward the development of an efficient and accurate numerical method for the Greek letters 
solution of the Boltzmann equation for a monoatomic gas [30] [31] [32] [33] . In this method, the Boltzmann equation is solved on fixed space and velocities before and after collision integral that ensures exact equilibrium (when the distribution function is Maxwellian). The last property eliminates the numerical error of increases the accuracy and efficiency of the method. The differential part of the Boltzmann equation is approximated by an explicit second-order fluxconservative scheme. The combined system of difference equations (for the collision integral and the differential part) is solved by the splitting method which splits the solution process in two stages: the collision relaxation and free molecular flow. This method has been developed by Prof. Tcheremissine. A goal of continued development of direct method for solving the generalized Boltzmann equation (GBE) is to extend the existing GBE solver to calculate the flowfields of inert gas mixtures of monoatomic and diatomic gases in species, which may also be reacting.
In this paper we shall first briefly introduce the related concept, which is the Boltzmann equation and the general solution approach, using the splitting method. This section provides details of the method used for solving both the classical Boltzmann equation (CBE) and the generalized Boltzmann equation (GBE). Methods and considerations for solving the GBE for a single diatomic gas are presented. The considerations include the numerical approach, determination for transition probabilities and collision cross sections, and determination of appropriate values for the rotational and vibrational energy levels. In addition, the method for solving the GBE for an inert mixture of monoatomic and diatomic gases is presented. Details of the direct numerical solution method are presented by Agarwal and Tcheremissine [20] . It has several advantages over the DSMC method e.g. the DSMC method requires mesh spacing less the mean freepath in the entire field, it employs not very realistic molecular potentials (like VHS) instead of the more accepted ones like the Lennard-Jones potential with established parameters for each as (e.g. N 2 and O 2 ), and for inelastic collisions DSMC method employs models that are not physically justifiable. For example in the most commonly used the Borgnakke-Larson model [34] in the DSMC method, the molecules are divided in two parts: the molecules in major part collide-elastically and in the rest with internal-translational energy transfer that presumes a thermodynamic equilibrium. This model is therefore not very accurate.
This paper describes the development of a computational methodology and a code for computing hypersonic nonequilibrium shock wave flows of diatomic gases and inert gas mixtures of monoatomic and diatomic gases using the generalized Boltzmann equation (same as the Wang-Chang-Uhlenbeck equation which accounts for the degenerate energy levels). It should be noted that in the GBE, the internal and translational degrees of freedom are considered in the framework of quantum and classical mechanics respectively. The general computational methodology for the solution of the GBE is similar to that for the classical Boltzmann equation (CBE) for a monoatomic gas except that the evaluation of the collision integral becomes significantly more complex due to the quantization of rotational and vibrational energy levels. The transition probabilities, elastic and inelastic cross-section etc. of a gas molecule are needed for the solution of the collision integral. The Lennard-Jones potential with two free parameters is used to obtain the elastic cross-section of the gas molecules, and the so called ''combinatory relations'' are used to obtain parameters of the Lennard-Jones potential for an interaction of molecule A with molecule B knowing the parameters of A and B. The probability of transition in inelastic collision is determined using the approach by Beylich and Awasthi [35] . These inputs allow for the calculation of the Boltzmann Collision Integral in GBE for a diatomic gas and a reactive mixture of gases.
Numerical method for Boltzmann equation

Classical Boltzmann equation
The classical Boltzmann equation considers gases without internal degrees of freedom. In other words, the energy states for the molecules in a gas are comprised solely of translational energy. As a result, the necessity of considering rotational-translational (RT) relaxations and vibrational-translational (VT) relaxations is eliminated. However, the applicability of the classical Boltzmann equation to simulating rarefied gas flows is limited. This is especially true for those flows at higher temperatures where rotational energy states, and even vibrational energy states, come into play. The classical Boltzmann equation in a two-dimensional Cartesian coordinate system is presented in Eq. (1):
where L(f,f) and G(f,f) represent the contributions of a pair of molecules to the change in the distribution function based upon the pre-collision molecular states and the postcollision molecular states, respectively. L(f,f) and G(f,f) are given by Eqs. (2) and (3) respectively:
In Eq. (2), f and f 1 represent the pre-collision probabilities for the two molecules undergoing the collision. In Eq. (3), f 0 and f 0 1 represent the post-collision probabilities for the two molecules just after the collision.
Generalized Boltzmann equation (Wang-Chang-Uhlenbeck equation)
Non-equilibrium process in a gas with internal degrees of freedom of molecules can be studied by using the generalized Boltzmann equation or the Wang-Chang-Uhlenbeck equation, where the internal and translational degrees of freedom are considered in the framework of quantum and classical mechanics respectively. The GBE or Wang-Chang-Uhlenbeck equation (WC-UE) for a diatomic gas in thermodynamic non-equilibrium can be written in the form
In Eq. (4), dO ¼ sin y dy dj, f i f (n i ,i,r,t) is the distribution function, where i is the set of quantum numbers determining the internal state of the molecule; n i is the velocity of the molecule in the ith state; and s kl ij is the cross-section for the collision responsible for this change of the internal states.
The static temperature, T, can be determined from the longitudinal temperature, T xx , and the transverse temperature, T yy and T zz , using Eq. (5):
Solution of classical/generalized Boltzmann equation for a mixture of gases
For solving the classical Boltzmann equation for a mixture of monoatomic gases or the generalized Boltzmann equation for a mixture of diatomic gases, these equations are formulated in impulse space. These formulations are described below:
(1) Mixture of monoatomic gases
The system of Boltzmann kinetic equations for a mixture of monoatomic gases containing components is usually written in the form
The collision integrals have the form
i ¼ 1; :::; K; j ¼ 1; ::
Here b m is the maximum interaction distance and the following abbreviations have been used:
For construction of the conservative method of evaluation of the collision integrals for a gas mixture one needs to transform the equation from velocity variables to the impulse variables defined as p i ¼ m i n i , being the molecular mass. Thus,
From the condition of normalization on the particle density n i of a species
One obtains In new impulse variables, the system of Boltzmann equation takes the form
The collision integrals take the form
Àf i n f j n g n b db dj dp j ;
(2) Mixture of diatomic gases The extension of the method to a mixture of diatomic gases described by a system of the Wang-Chang-Uhlenbeck equations (WC-UE) or the generalized Boltzmann equations (GBE) can be done in an analogous manner. The GBE for a single component gas can be written the velocity space as
Here indices a, b, w, d mark the energy levels, o wd ab ¼ ðq w q d Þ=ðq a q b Þ, q a is the degeneration of the energy level a, P wd ab is the probability of transition from levels a, b to the levels w, d, g ab ¼ 9n a Àn b 9. For rotational levels one has q a ¼ 2aþ1 in most cases. For vibrational levels, the degeneration is absent and q a ¼ 1. We assume that the degenerations are the same for all components of the mixture.
The generalization of Eq. (14) to the mixture of gases is quite evident:
To build the conservative method of evaluation of the collision operator on the right hand side of Eq. (15), the equation is transformed to the impulse space in a similar way as in the case of the mixture of monoatomic gases. One gets
In Eq. (16) , fi,a f(i, p i,a , a, r, t) is the distribution function.
Results
N 2 and Ar mixture
The first binary mixture of air constituents considered is that of N 2 and Ar (a diatomic and a monoatomic gas respectively). The mass ratio equals 1.426 and the diameter ratio equals 0.8356. The gases are assumed to be non-reacting. Both results of translational non-equilibrium and translational-rotational non-equilibrium with 1:1 density ratio are presented.
In Figures 1-4 , N 2 being lighter than Ar, it experiences changes in the shock properties earlier than Ar. However for these two cases, it is important to note that in Figures 3 and 4 , the peak of the longitudinal component of the translational temperature for Ar is much higher than that for N 2 in this case compared to that in Figure 1 . This effect is due to transfer of rotational energy of N 2 into the translational energy of Ar. Compared with Figure 3 (Mach 2 case) , the change of the longitudinal component of translational temperature in Figure 4 (Mach 5 case) is much more obvious. This is because the transfer between translational and rotational energy is playing a more important role along with the Mach number rises.
N 2 and O 2 mixture
The second binary mixture of air constituents considered is that of N 2 and O 2 . The mass ratio equals 1.1423 and the diameter ratio equals 0.9156. The gases are assumed to be non-reacting. Results of translational non-equilibrium, translational and rotational non-equilibrium, and translational, rotational and vibrational non-equilibrium with 1:1 density ratio are presented.
In Figures 5-8 , N 2 being lighter than O 2 , it experiences changes in the shock properties earlier than O 2 . However it is important to note that in Figure 9 , not only the peak of the longitudinal component of the translational temperature for O 2 is now slightly higher than that for N 2 in this case compared to that in Figures 6 and 8 , but the magnitude of the peaks of is much more obvious. This is because the transfer between translational and rotational energy is playing a more important role along with the Mach number rises.
Conclusions
The direct method of Tchemeissine has been applied for solving the Generalized Boltzmann equation in an impulse space for computation of shock waves in a binary mixture of non-reaction monoatomic and diatomic gases in translational, rotational and vibrational non-equilibrium. The computation for a mixture of nitrogen and argon in translational and rotational non-equilibrium and for a mixture of nitrogen and oxygen in translational, rotational and vibrational non-equilibrium gives some interesting insight into energy transfer process in the mixture. In case of mixture of argon and nitrogen, the rotational energy from nitrogen is transferred into the translational energy of argon. In case of nitrogen and oxygen, the rotational and vibrational energy of nitrogen and oxygen is primarily transferred into their translational energy. Compared with Mach 2 cases, the change of the longitudinal component of translational temperature in Mach 5 cases is much more obvious. This is because the transfer between translational and rotational energy is becoming more important with the Mach number rises. 
